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Abstract. Ventricular enlargement is an important biomarker of Alzheimer’s disease (AD). However, ventricular surface morphometry analysis
remains challenging due to its complicated and branching topological
structure. Here we propose a novel ventricular surface registration algorithm based on the hyperbolic Ricci flow and geodesic curve lifting
methods for ventricular shape morphometry study. Unlike prior ventricular surface parameterization methods, the hyperbolic conformal parameterization computed with hyperbolic Ricci flow is angle-preserving and
has no singularities. In the parameter domain, we compute consistent
geodesic curves across subjects and map the curves back to the 3D ventricular surface, a method called geodesic curve lifting. The geodesic
curves then serve as consistent boundary conditions to guide the one-toone diffeomorphic mappings between ventricular surfaces. Local shape
deformations are measured by tensor-based morphometry (TBM). We
applied the method on baseline MRI scans of a set of mild cognitive
impairment (MCI) subjects from the Alzheimer’s Disease Neuroimaging Initiative (ADNI), including 71 individuals who converted to AD in
the subsequent 36 months after screening and 62 subjects who did not
covert to AD during the same period. Our method revealed significant
differences in ventricular shapes between the two groups. We also studied
the correlation between ventricular shape morphometry and a previously
introduced brain functional index derived from the fluorodeoxyglucose
positron emission tomography (FDG-PET) scans, as both a validation
of the correctness of our method and an exploration of the relationship
between brain structural and functional changes.

1

Introduction

Lateral ventricle is a fluid-filled structure deep in human brain, which is usually enlarged in disease. Ventricular enlargement often reflects atrophy of the
surrounding structures such as hippocampus, amygdala and posterior cingulate

and has become an important biomarker of AD progression [6, 15]. Ventricular enlargement measured over time could provide a more sensitive read of the
clinical development of AD than the currently accepted endpoints of cognitive
testing [8]. Thus, accurate analysis of ventricular morphology has the potential
to sensitively and specifically characterize a neurodegenerative process.
In surface-based brain morphometry studies, higher-order correspondences
between brain surfaces are required to be established in order to statistically
compare or combine surface data obtained from different measurements. Usually, surface registration is done by first mapping the surfaces into one common
canonical parameter domain, such as a sphere [4, 14], or a planar rectangle [10],
and then registering the surfaces in the simpler parameter domain. The one-toone correspondences obtained in the parameter domain induce the registration
of the 3D surfaces. However, it is difficult to apply this framework to ventricular
surface registration, due to the complicated and branching topological structure
of the ventricular surfaces. A global parameterization of a ventricular surface
which has minimal distortions, retains important geometric features of the original surface and has no singularity points is challenging to be computed. Some
prior works [9, 12] used spherical harmonics to analyze ventricular shape morphometry, but the spherical mapping may result in significant distortions that
underdetermine the analysis, as demonstrated previously [17]. Pioneering works
[17, 18] computed the first global conformal parameterization of ventricular surfaces. However, the holomorphic 1-form based conformal parameterization algorithm introduces a singularity point on each ventricular surface, which was
called the zero point [17]. Each ventricular surface was segmented into three
pieces: the superior horn, the inferior horn, and the occipital horn. The three
pieces were registered across subjects independently and merged back together,
resulting in a hole around the zero point region due to the separate registration
process. Furthermore, the independent registration of different pieces was based
on matching anatomical features which should not be partitioned. For example,
when registering the superior horn, the other two horns were not affected, which
may not be true when registering the ventricular surface as a whole.
Recent development in hyperbolic conformal geometry provides a candidate
method to introduce a global conformal parameterization for ventricular surfaces. As pointed out by the uniformization theorem, any surface with a negative Euler characteristic number admits hyperbolic background geometry. A
global conformal parameterization of such surfaces can be naturally computed
with the hyperbolic Ricci flow method [7, 20] and the resulting parameterization
has minimal angle distortions and no singularity points [20]. Here we propose
to use the hyperbolic Ricci flow method to construct the parameter domain of
the ventricular surfaces. Furthermore, we compute consistent geodesic curves
in the parameter domain and map them back to the 3D surfaces as boundary
conditions to guide the surface registration. We call this method geodesic curve
lifting. The tensor-based morphometry (TBM) statistics [3] are applied to measure local shape deformations. We applied our algorithm on ventricular surfaces
of 133 MCI individuals from the ADNI baseline dataset, including 71 subjects
who converted to AD in the subsequent 36 months after screening, which we call

the MCI converter group, and 62 subjects who did not convert to AD during the
same period, which we call the MCI stable group. These subjects were chosen as
they have both the structural MRI and FDG-PET images. In one experiment,
we studied the differences in ventricular shapes between the two groups. In another, we studied the correlation between ventricular shape morphometry and
the hypometabolic convergence index (HCI) [1] derived from the same subjects’
FDG-PET images as both a validation of the correctness of our method and an
exploration of the relationship between brain structural and functional changes.

2
2.1

Method
Surface Topology Optimization

Due to the concave and branching shape of the ventricular surfaces, it is difficult
to find a conformal grid for the entire structure without introducing significant
area distortions. Here, as in prior studies [17, 18], we automatically locate and introduce three cuts on each ventricular surface, with one cut on the superior horn,
one cut on the inferior horn, and one cut on the occipital horn. The locations
of the cuts are motivated by examining the topology of the lateral ventricles, in
which several horns are joined together at the ventricular ”atrium” or ”trigone”.
Meanwhile, we keep the locations of the cuts consistent across subjects. This
process is called topology optimization [17, 18]. After being modeled in this way,
each ventricular surface becomes a genus-0 surface with 3 boundaries and is homotopic to a pair of topological pants, as shown in Fig. 1 (a). Figure 1 (b) shows
two different views of a ventricular surface with the three boundaries, which are
denoted as γ1 , γ2 , γ3 . As a result, each ventricular surface has the Euler characteristic number -1, which means that it admits the hyperbolic geometry. Then
we try to compute the conformal mappings from the ventricular surfaces to the
hyperbolic space H2 and use it as the canonical parameter space for registration.
2.2

Hyperbolic Ricci Flow

We use the Ricci flow method [7, 20, 19] to conformally map the ventricular
surfaces to the hyperbolic space. We call this method the hyperbolic Ricci flow.
Let S be a surface in R3 with a Riemannian metric g induced from the
Euclidean metric. Let u : S → R be a scalar function defined on S. It can be
verified that ḡ = e2u g is also a Riemannian metric on S and angles measured by
ḡ are equal to those measured by g. Thus, ḡ is called a conformal deformation
of g and u is called the conformal factor. Furthermore, when surface metrics
change, the Gaussian curvature K of the surface will change accordingly to
K̄ = e−2u (−∆g u + K), where ∆g is the Laplace-Beltrami operator under the
original metric g. The geodesic curvature kg will become k¯g = e−u (∂r u + kg ),
where r is the tangent vector orthogonal to the boundary.
Ricci flow is a powerful curvature flow method. Give a smooth surface S with
Riemannian metric g = (gij ), the Ricci flow deforms the metric g(t) according
dg (t)
= −2K(t)gij (t), where t is the time
to the Gaussian curvature K(t): ij
dt
parameter. With conformal mapping, which requires g(t) = e2u(t) g(0), we have
a simplified Ricci flow equation [19]: du(t)
dt = −2K(t).

Fig. 1. Illustration of a pair of topological pants (a), topology optimization of a ventricular surface (b), the Poincaré disk model (c), the fundamental domain (d) of the
topological pants (a), and the paths (e) traced on the ventricular surface for constructing its fundamental domain (f) in the Poincaré disk.

In engineering field, surfaces are approximated by triangular meshes. Suppose
M (V, E, F ) is a triangular mesh, with the vertex set V , edge set E, and face
set F . We define vi the ith vertex, [vi , vj ] the edge connecting vertices vi and
vj , and [vi , vj , vk ] the face formed by vi , vj , vk . Figure 2 (a) shows an example
of a hyperbolic triangle. The discrete Riemannian metric on M is a function
defined on each edge l : E → R+ such that in each face [vi , vj , vk ], the triangle
inequality holds li + lj > lk . Usually, it is the edge length. As shown in Fig. 2
(a), the corner angles in each face are determined by the metric according to the
hyperbolic cosine law:
coshlj coshlk − coshli
θi = cos−1
(1)
2sinhlj sinhlk
Let fijk be the face formed by vi , vj , vk , and θijk the corner angle at vi in this
face, the discrete Gaussian curvature on vi can be defined by the angle deficit:
(
P
2π − fijk ∈F θijk , vi 6∈ ∂M
P
Ki =
(2)
π − fijk ∈F θijk , vi ∈ ∂M
By definition, conformal deformation maps infinitesimal circles in one surface to infinitesimal circles in another and preserves angles among the circles.
The discrete conformal deformation uses circles with finite radii to approximate
infinitesimal circles. The concept of circle packing metric was introduced in [16]
and adopted by [5, 11] in discrete cortical conformal flattening work. Figure 2 (b)
shows a hyperbolic triangle together with three circles centered at its three vertices. Let Γ be a function defined on vertices Γ : V → R+ , which assigns a radius
γi to vertex vi . Similarly, let Φ be a function defined on edges Φ : E → [0, π/2],
which assigns an acute angle φij to edge eij and is called a weight function of the
edge. The pair of vertex radius and edge weight functions, (Γ, Φ), is called the
circle packing metric of M . As shown in Fig. 2 (b), for each triangle [vi , vj , vk ],

one can compute the Riemannian metrics by the hyperbolic cosine law:
lk = cosh−1 (coshγi coshγj + cosφij sinhγi sinhγj )

(3)

Let U : V → R be the discrete conformal factor and
γi
(4)
ui = log(tanh )
2
The discrete Ricci flow is defined
i
as du
dt = −2Ki . Let U = (u1 , . . . , un )
be the conformal factor vector, where
n is the number of vertices and U0 =
(0, . . . .0), then the discrete hyperbolic
Ricci energy is defined as E(U ) =
R U Pn
i=1 Ki dui . Given the definitions
U0
1, 3, 4, we can prove

∂θi
∂uj

=

∂θj
∂ui ,

which

∂K
= ∂uij . Thus the differenPn
ω = i=1 Ki dui is closed

∂Ki
∂uj

leads to
tial 1-form
as dω = 0. This proves that the hyperbolic Ricci energy is convex and its
unique global minimum corresponds to
the hyperbolic metric with zero vertex Gaussian curvatures. The discrete
Ricci flow is the negative gradient flow
of the hyperbolic Ricci energy.
The hyperbolic space cannot be reFig. 2. Illustration of the hyperbolic cosine alized in R3 , we use the Poincaré disk
law (a) and visualization of the circle pack- model to visualize it. Poincaré disk is
ing metric on a hyperbolic triangle (b).
the unit disk |z| < 1 on the complex
4dzdz̄
plane with the metric ds2 = (1−z̄z)
.
A
hyperbolic line (a geodesic) in the
2
Poincaré disk is a circular arc which is perpendicular to the unit circle |z| = 1.
Figure 1 (c) is an example of the Poincaré disk. In order to embed a pair of
topological pants onto the Poincaré disk, we trace two paths τ1 connecting γ1 to
γ2 and τ2 connecting γ1 to γ3 , respectively, as shown in Fig. 1 (a). After slicing
along the paths, we get a simply connect domain, which we call the fundamental domain of the topological pants, as shown in Fig. 1 (d). Similarly, we trace
the paths τ1 , τ2 on the ventricular surfaces and let the paths connect consistent
endpoints of existing boundaries, as shown with the same colors in Fig. 1 (e).
This is to ensure the consistency of existing boundaries across subjects. Figure
1 (f) is the Poincaré disk embedding of the ventricular surface in Fig. 1 (b).
2.3

Geodesic Curve Lifting and Consistent Surface Registration

As we can see from Fig. 1 (f), the existing boundaries are already geodesics in
the Poincaré disk. However, the paths τ1 , τ2 and their complements τ1−1 , τ2−1 are
not geodesics and their positions are not consistent across subjects. Thus, the
fundamental domain of a ventricular surface is not appropriate for registration.

Here we recompute the positions of τ1 , τ1−1 , τ2 , τ2−1 as geodesic curves in the
universal covering space (the whole Poincaré disk) of the ventricular surface.
Any rigid motion in the Poincaré disk is a Möubius transformation z →
z−z0
eiθ 1−
z¯0 z . There exists a unique Möbius transformation φ1 that maps τ1 to its
complement τ1−1 and another unique Möbius transformation φ2 that maps τ2 to
its complement τ2−1 . {φ1 , φ2 } are called the deck transformation group generators
and any other Möbius transformation can be formed by the generators. In the
Poincaré disk, we compute 4 Möbius transformations with the generators and
map the fundamental domain of a ventricular surface to 4 different periods. We
then glue the 4 transformed fundamental domains with the original fundamental
domain to tile a finite portion of the universal covering space, as shown in Fig.
3 (a), the 4 different fundamental domains are illustrated with different colors.
Then the new positions of τ1 , τ1−1 , τ2 , τ2−1 are computed as geodesic curves in the
universal covering space, as shown in Fig. 3 (b). The geodesic curves are required
to intersect the endpoints of existing geodesics and be perpendicular to the
unit circle. Thus the resulting geodesic curves are unique and consistent across
subjects. We slice the universal covering space of the ventricular surface along
the new geodesic curves τ1 , τ1−1 , τ2 , τ2−1 . The fundamental domain formed by the
geodesics is called the canonical fundamental domain of a ventricular surface, as
shown in Fig. 3 (c). After mapping the geodesic curves back to the original 3D
ventricular surface, the positions of resulting paths τ1 , τ2 are consistent across
subjects, as shown in Fig. 3 (d). We call this process the geodesic curve lifting.
The canonical fundamental domain of the ventricular surface is then converted to
2z
, as shown in Fig. 3 (e). The
a Euclidean octagon with the Klein model: z → 1+z̄z
Klein model of the ventricular surfaces is used as the canonical parameter domain
for ventricular surface registration. We implemented the octagon constrained
harmonic map [19]. All the boundary curves in the Klein octagon are used as
consistent boundary conditions and enforced to be registered across subjects.

Fig. 3. Illustration of the geodesic curve lifting method to introduce consistent boundaries on the ventricular surfaces.

2.4 Surface Tensor-based Morphometry
We use the surface tensor-based morphometry (TBM) [3] to analyze the ventricular shape changes. Suppose φ : S1 → S2 is a map from surface S1 to
surface S2 . The derivative map of φ is the linear map between the tangent
spaces dφ : T M (p) → T M (φ(p)), induced by the map φ, which also defines the
Jacobian matrix of φ. In the triangle mesh surface, the derivative map dφ is approximated by the linear map from one face [v1 , v2 , v3 ] to another [w1 , w2 , w3 ].
First, the two faces are isometrically embedded onto the Klein disk, the planar
coordinates of the vertices vi , wi are denoted by the same symbol vi , wi . Then
the Jacobian matrix for the derivative map dφ can be explicitly computed as
−1
J
p= dφ = [w3 − w1 , w2 − w1 ][v3 − v1 , v2 − v1 ] . Then the TBM is defined as
det(J). TBM measures the amount of local area changes in a surface with the
map φ [3]. In an integrated surface analysis system, each step in the processing
pipeline including MR image acquisition, image segmentation, surface reconstruction, etc., are expected to introduce noise in the deformation measurement.
To account for the noise effects, we apply the heat kernel smoothing algorithm
proposed in [2] to increase the SNR in the TBM statistical features and boost
the sensitivity of statistical analysis.

3

Experimental Results

In our experiment, 133 left and 133 right ventricular surfaces were registered
to a common left and right template, respectively. The templates are the left
and right ventricular surfaces from a randomly selected subject. The experiment
was conducted on the massively parallel cluster in Arizona State University a collection of many small compute nodes that are interconnected with a highspeed, low-latency network fabric.
3.1 Group Difference Analysis
To evaluate whether ventricular morphometry could be a valid biomarker, we
studied morphological differences in the ventricular surfaces between the two
MCI groups. We applied Student’s t test on the TBM statistic to study group
difference. We used permutation tests for multiple comparisons. In order not to
assume normally distributed data, we ran a permutation test where we randomly
assigned subjects to groups. We compared the results (t values) from true labels
to the distribution generated from the randomly assigned ones. The group membership was permuted 5,000 times and a null distribution was developed for the
areas of the average surface with group-difference statistics above the predefined
threshold in the significance p-maps. The global map significance is defined as
the probability of finding, by chance alone, a statistical map with at least as large
a surface area beating the pre-defined statistical threshold of p = 0.05, under the
null hypothesis of no systematic group differences. This omnibus p-value is commonly referred to as the overall significance of the map, corrected for multiple
comparisons [17]. Figure 4 (a) shows the p-map of group difference detected between the MCI converter (n=71) and stable (n=62) groups, using the smoothed
TBM as a measure of local surface change and the predefined significance level at
each surface point as 0.05. The non-blue colors denote the statistically significant
difference areas between two groups. The overall significance of the map is 0.0172.

3.2 Correlation Analysis
of Ventricular Morphometry
with HCI
The hypometabolic convergence index (HCI), which is derived from
the FDG-PET image of a subject,
is a single measurement of the extent to which the pattern and magnitude of cerebral hypometabolism
in an individual’s FDG-PET image
correspond to that in AD patients
[1]. The HCI has been reported to
correlate with smaller hippocampal
volumes in AD [1].We hypothesize
that HCI should correlate with ventricular enlargement. If such a correlation exists, it helps prove the
correctness of our ventricular registration method. On the other hand,
if a strong correlation can be found
between brain structural and functional changes, we may use MRI
measures as surrogates of disease Fig. 4. Illustration of statistical map showing
progression in AD, even in pre- local shape differences (p-values) between MCI
clinical stage. We applied a Pearson converter and MCI stable groups (a), p-map
correlation method to analyze the of correlation with HCI (b) and r-map of the
correlation coefficients (r-values) (c).
relationship between the ventricular shape morphometry and HCI, where the latter was used as the predictor.
We estimate the p-value of the correlation at every surface point to build the
correlation p-map. The estimated r-value, i.e., the correlation coefficient on each
surface point, was also computed. Similar to group difference analysis, the overall significance of the correlation value, corrected for multiple comparisons, is
obtained through a permutation test (5,000 iterations) of HCI values. Figure 4
(b) shows the correlation p-map color-coded with uncorrected p-values and (c)
shows the r-map color-coded with the correlation coefficients. The overall significance of the p-map is 0.0001. On the statistically significant areas in Fig. 4 (b),
the maximum r-value is 0.5163, the average r-value is 0.3030, and the dominant
correlations are positive (99.40%).

4

Discussion and Conclusion

In this paper, we proposed a ventricular surface registration algorithm based
on hyperbolic Ricci flow and geodesic curve lifting. The proposed method aims
at better registering anatomically homologous locations between the ventricular
surfaces of different subjects. We computed the conformal parameterizations of
ventricular surfaces with the hyperbolic Ricci flow method. The resulting parameterization has minimal angle distortion and no singularity points. Unlike prior

works [17, 18], the new method does not partition a ventricular surface into independent pieces, thus each ventricular surface can be taken as an entity for registration. Anatomical features on original ventricular surfaces are well preserved in
the parameter domain with the new method. Furthermore, we computed unique
and consistent geodesic curves based on the new conformal structure and used
the geodesics to constrain the registration. With these constraints, our method
is able to accurately register anatomically homologous locations across subjects.
We also compared our method with
SPHARM [13]. SPHARM is an extensively applied shape analysis tool.
It takes binary image segmentation
as input and provides functions such
as surface reconstruction, spherical
harmonic mapping and surface registration; statistical analysis tools are
also included. The major limitation of
SPHARM is that it assumes the input
binary image segmentation has spherical topology. Thus prior work that
studied ventricular shape morphometry with SPHARM usually discarded
the inferior horn [9, 12]. The inclusion
of the long and narrow inferior horn
in our segmentation makes the shape
of the lateral ventricle non-spherical.
As a result, SPHARM cannot successfully parameterize the concave ventricular surfaces that reconstructed from
our segmentation unless a coarse resolution is used. Thus we resampled the
segmented binary images into a resoFig. 5. Comparison with SPHARM [13]. lution of 2 × 2 × 2mm3 . Even so, the
resulting spherical parameterizations still have severe distortion and overlapping
on the inferior horn, as shown in Fig. 5 (a), and 22 subjects failed the parameterization process. Furthermore, the resulting correspondences between ventricular
surfaces may not be diffeomorphic, as shown in Fig. 5 (b), face flipping may exist
on the registered surfaces. The significance p-map of group comparison between
58 converters and 53 stable MCIs with SPHARM is shown in Fig. 5 (c) and the
result of our method is shown in Fig. 5 (d). Neither of the two methods detected
significant differences in the smaller dataset, but our method is more robust for
processing the concave ventricular surfaces. The inferior horn on the lateral ventricle is also important in AD study, as it is adjacent to the hippocampus and its
enlargement may indicate the hippocampal atrophy, which is a well-established
biomarker for AD. As shown in Fig. 4 (a), our approach detected significant
differences on both left and right inferior horns. Even with a small dataset, our
method detected significant differences on the right inferior horn, as shown in

Fig. 5 (d). A more convincing way to further validate the new algorithm is to
apply it to study cortical surface morphometry and compare the results with
other extensively applied cortical analysis tools such as FreeSurfer [4]. We will
address this problem in the future work.
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